In this paper, we defined a new q-extension of Bernoulli polynomials with weight by generating function, and investigate several properties of those polynomials. These q-Bernoulli polynomials are useful to study various identities of Carlitz's qBernoulli numbers.
Introduction
Throughout this paper Z p , Q p and C p will respectively denote the ring of p-adic integers, the field of p-adic rational numbers and the completion of algebraic closure of Q p . Let ν p be the normalized exponential valuation of C p with |p| p = p −νp(p) = 1 p . When one speaks of q-extension, q is considered in many ways such as indeterminate, a complex number q ∈ C or p-adic number q ∈ C p . If q ∈ C, one normally assume that |q| < 1. If q ∈ C p , we assume that |1 − q| p < 1 so that q x = exp(x log q) for |x| p ≤ 1. The q-number of x is denoted by
Note that lim q→1 [x] q = x. Let d be a fixed positive integer and let p be a fixed prime number. We set
(a + dpZ p ) , a + dp
where a ∈ Z lies in 0 ≤ a < dp N . Let UD(Z p ) be the space of uniformly differentiable functions on Z p . For f ∈ UD(Z p ), the p-adic q-integral on Z p is defined by Kim as follows:
x (see [13, 14] ). (1.1)
As is well known, Bernoulli polynomials are defined by the generating function to be
In the special case, x = 0, B n = B n (0) are called the n-th Bernoulli numbers. From (1.2), we note that
In [5, 6] , L. Carlitz defined the q-extension of Bernoulli numbers as follows:
with the usual convention of replacing β l q by β l,q where δ k,1 is the Kronecker's symbol.
Note that, from (1.4), we note that
L. Carlitz have defined q-extension of Bernoulli polynomials as follows:
n−llx β l,q , (see [3, 4] ).
(1.6)
In [13] , Kim showed that Carlitz's q-Bernoulli numbers and polynomials can be expressed as an p-adic q-integral on Z p as follows:
In recent years, many mathematicians and physicists have investigated zeta functions, multiple zeta functions, L-functions, and multiple q-Bernoulli numbers and polynomials, mainly because of their interest and importance. These functions and polynomials are used not only in complex analysis and mathematical physics, but also in p-adic analysis and other areas. In particular, multiple zeta functions and multiple L-functions occur within the context of knot theory, quantum field theory, applied analysis, and number theory (see ).
In particular, q-Bernoulli numbers and polynomials have been studied by many mathematicians, and possess many interesting properties (see [4] [5] [6] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [17, 20, 21] ). In [20] , authors defined modified q-Bernoulli polynomialsβ n,q (x) by generating function, and representβ n,q (x) as a p-adic q-integral on Z p .
In this paper, we construct new q-extension of Bernoulli polynomials, and Bernoulli polynomials of order k. Finally, we investigate several properties of those polynomials.
A new extension of q-Bernoulli polynomials
As a new q-extension of Bernoulli polynomials, we define the modified (h, q)-Bernoulli polynomials with weight α and weak weight β which are defined by the generation function to be
In the special case, x = 0,β
is called modified (h, q)-Bernoulli numbers with weight α and weak weight β.
Note that, by (1.1),the following equations are obtained easily:
From (2.2), we obtain the following equation:
Thus, by (2.1) and (2.3), we get
Therefore, by (2.4), we obtain the following theorem.
Note that, by (2.1), we get
Thus, by (2.6), we obtain the following theorem.
Theorem 2.2.
For n ≥ 0.
Therefore, by (2.7), we obtain the following corollary.
Corollary 2.3.
For n ≥ 0, we havē
Remark 2.4. In the special case of the Theorem 2.1, if we put β = 1 and h = 0, then
and is modified q-Bernoulli polynomials with weight α (see [21] ).
A new approach to modified q-Bernoulli polynomials of order k
From now on, we consider the modified (h, q)-Bernoulli numbers of order k with weight α and weak weight β 1 , . . . , β k as follows:
Note that, by (1.1),
Let us consider the modified (h, q)-Bernoulli polynomials of order k with weight α and weak weight β 1 , . . . , β k as follows:
whereb n,q (0) =b n,q is the modified (h, q)-Bernoulli numbers of order k with weight α and weak weight β 1 , . . . , β k . By (3.1),
Consider the equation
and
By (3.3) and (3.4),
Thus, we have the following result.
Note that, by (3.2) and (3.3), the generating function ofb n,q is represented as follows: So, by (3.5) and (3.6), we have the following corollary.
